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Calculation of Relaxing Turbulent
Boundary Layers Downstream of

Tangential Slot Injection

DENNIS M. BUSHNELL*
NASA Langley Research Center, Hampton, Va.

Nomenclature
= skin-friction coefficient
= mixing length

Moo = freestream Mach number
q = heating rate
s = slot height
St = Stanton number
T = temperature
t — slot lip thickness
U = longitudinal velocity
x,y = cartesian coordinates along and normal to the surface
2/s,i = distance to inner boundary of mixing region
2/s,2 = distance to outer boundary of mixing region
yc = slot half height
\f/ = mixing angle (Fig. 1)
5 = total viscous layer thickness
X = ratio of average specific mass flow in slot to value at edge

of boundary layer

Subscripts
e = local external to boundary
max = maximum value
0 = reference value
t = isentropic stagnation conditions
w = wall

CURRENT interest exists in the possibility of using
tangential slot injection for reducing heat transfer and

skin friction on hypersonic vehicles.1 Several low-speed
experimental investigations of the downstream effects of
tangential injection have been conducted which could provide

information for the assessment of such a cooling system (see
Ref. 2 for a partial list of these investigations). An accurate
prediction method has been developed for the far field (x/s >
30) effects of tangential injection, primarily for the low-speed
case.3 Data also exist for tangential slot injection at super-
sonic and hypersonic speeds (Refs. 4, 5, and 6, for example).
The present Note describes the application of a simple cal-
culation method for compressible relaxing slot flows. Agree-
ment with the data indicates that the simplified approach
described here applies to the near slot (x/s < 30) as well as
the far slot (x/s > 30) regions of the flow. This approach
could be used, for example, in parametric studies to estimate
the effects on the relaxation process of slot-to-edge total
temperature ratio, slot height to boundary-layer height, and
slot Mach number. The present method uses the turbulent
boundary-layer computational procedure of Ref. 7 with the
conservation equations for the mean flow solved by an implicit
finite difference procedure and a turbulent Prandtl number
relating the eddy viscosity and eddy conductivity. The
solutions presented herein use a static turbulent Prandtl
number7 of 0.9. Note that the present method applies only
to the matched static pressure case where the exit pressure of
the slot flow essentially equals the value in the external flow,
i.e., where mixing dominates the problem.

Before the method of Ref. 7 can be applied to relaxing
tangential slot flows, appropriate modifications must be made
to the mixing length model for eddy viscosity. Figure 1
illustrates the method employed here to model the mixing
length for tangential slot flows. We assume the slot flow
mixes with the initial boundary-layer flow in a region whose
growth can be characterized to first order by a mixing angle
\f/ (Fig. la). This assumption allows computation of the
nominal thickness of an effective mixing region as a function
of distance downstream from the slot. With this model
final results were fairly insensitive to the value of $ assumed.
On a test case to be considered in this Note, for example,
increasing the ^ value from 4° to 6° decreased the cooling
length (where Taw first becomes larger than the slot flow total
temperature) by 10%. Unpublished work by Beckwith and
Bushnell at Langley Research Center indicates that the
computation of the mixing of a trace species inserted in the
initial boundary layer can be used to determine the mixing
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Fig. 1 Assumed mixing length distributions.
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Fig. 2 Velocity profiles in relaxation region downstream
of tangential slot injection, rasiot — 0.038 Ib/sec.
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Fig. 3 Heat-transfer and Reynolds analogy distribution
downstream of slot, Tw/Tt,e = 0.66, q0 = 0.93 Btu/ft2 sec,

s = 0.010-in., Moo = 6.0.

region boundaries. This method can replace the present
\// assumption to compute the relaxation process in slot
flows, and removes some of the empiricism of the present
method.

Mixing length variations used in the solution procedure are
indicated on Fig. Ib and c. The present method assumes the
maximum mixing length in the effective mixing region pro-
portional to ys,<t — ys,i and a proportionality factor of 0.08
(an average value from the available data) to establish the
maximum mixing length in the initial slot flow, the mixing
region, and the outer boundary-layer flow. That is, /max =
0.085; where di equals yc,ys,2 — ys,i and 5 — ys,i, respectively.
The relaxation of the initial mixing length distribution is
divided into three regions. Figure Ib indicates the / dis-
tribution for the first of these regions, where the width of the
mixing region is less than the slot half height. The initial
/ distribution for the slot and initial boundary-layer flows
(including the 0/4 Prandtl wall slope for the three wall regions)
has superimposed upon it the maximum value for the mixing
region, 0.08 (ys,z — ys,i). The method employs this max-
imum mixing region value [0.08 (ys,z — ys,i)] wherever it
exceeds the original Z distribution. Figure Ic shows the
assumed variation for the second stage of relaxation, where
the mixing region becomes thicker than the slot half height,
but the outer edge of the mixing region still lies inside the
boundary layer (ys,2 < 6). Here the 0.4 slope applies near the
wall until intersection with the maximum mixing region
value. That is, the maximum mixing region level governs
the variation in the inner portion of the boundary layer with
the usual wall proximity effect (0.4 slope). The Van Driest
damping function, as used in Ref. 7, modifies the I distribution
for the near wall damping effects. The final relaxation stage
(2/s,2 > 5) uses the I distribution for developed turbulent
boundary layers from Ref. 7.

Two comparisons will be shown between the results of the
present method and experimental data. Gary shows a further
comparison with a Mach 6 test case which indicates good
agreement.6 Figure 2 shows detailed profile data obtained
at Mach 3 and computed results. The data were obtained
downstream of a 0.068-in. slot with an initial total viscous
layer thickness including the slot flow of 0.144 in. The
prediction uses a \[/ value of 4°. Considering the many
assumptions involved in the method and the complexity of
the slot-boundary-layer mixing problem, the indicated com-
parison of computed results with data is considered satis-
factory. Figure 3 shows agreement of predicted and mea-
sured heating rates downstream of a small (0.010-in.) slot.
These data5 were obtained at Mach 6, a wall-to-total-temper-
ature ratio of 0.66, and at approximately matched static
pressure conditions with an initial viscous layer thickness the
order of 0.8 in. By imposing the adiabatic wall boundary

condition in the finite difference method, the adiabatic wall
temperature distribution for this case was computed with
the same input profiles used in the solution for Tw/Tt,e ~
0.66. The combination of these Taw values with the pre-
dicted q and Cf distribution for the Tw/Tt,e = 0.66 (constant)
solution allows the determination of a Reynolds analogy
factor (2S«/C/) for this relaxing slot flow. This result appears
in the insert on Fig. 3 and shows that the computed values are
considerably above the conventional value of 1.0-1.3 for
developed turbulent flows.8 These higher values are pre-
sumably caused by the mixing of the cold gas with the hot
external flow and the different relaxation behavior of the
velocity and temperature profiles.

In conclusion, the present Note proposes a simple finite
difference method, based on an assumed eddy viscosity
model, for the solution of the relaxation region of tangential
slot injection flows applicable to both the near slot and far
slot regions. Computations using the method agree with
experimental data at Mach numbers of 3 and 6. Typical
results indicate that the Reynolds analogy factor in the
relaxation downstream of tangential slot injection may be
appreciably above the conventional values for developed
turbulent boundary layers.
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